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Diffeomorphisms

A diffeomorphism between differentiable manifolds M → N
is a smooth map from all of M to all of N .

More formally it is a C∞ bijection with a C∞ inverse.

We can generate a family of infinitesimal diffs from M to
itself using a continuous vector field ξµ.

In this case, if co-ordinates have been laid down, the point
at xµ maps to the point at

x′µ(x) = xµ + ϵ ξµ(x) + O(ϵ2).
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Variations

A field ϕi has variations, defined by a one-parameter family
of field states ϕ(x;λ):

δϕ(x) ≡ dϕ(x;λ)
dλ

∣∣∣∣∣
λ=0

.

This induces a variation in the Lagrangian:

δL = δL
δϕ
δϕ ≡ ∂L

∂ϕ
δϕ+ ∂L

∂(∂µϕ)
∂µ(δϕ) + ....

δ is a ‘symmetry’ when δS = 0.
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Variations

Let’s choose to view diffeomorphisms actively, as pushing
around the fields on our manifold. This can be cleaner
because we can then work in a single co-ordinate system.

For diffeomorphisms, δ = £ξ.

In particular, δgµν = £ξgµν .
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Weyl Transformations

Weyl transformations are variations

δgµν = 2 λ(x) gµν ,

δϕi = −∆i λ(x) ϕi

where ∆i is the scaling dimension of the field ϕi.

With diff + Weyl you can set 2d metrics to anything
(smooth) unless there is a topological obstruction.
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A simple diff×Weyl-invariant theory

‘Conformally coupled’ scalar in 4d:

L =
√

−g
(1

2
∇µφ∇µφ+ 1

12
Rφ2 − λ

4
φ4

)
.
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A simple diff×Weyl-invariant theory

One can use Weyl symmetry to gauge-fix φ = v:

L =
√

−g
[
Rv2

12
− λv4

4

]
.

=⇒ Einstein gravity with a cosmological constant.

• The Weyl symmetry has been fully gauge-fixed.

• The residual gauge symmetry is diff.
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A simple diff×Weyl-invariant theory

Another option is to downgrade gµν to a non-dynamical field
by hand, taking the value gB

µν .

If we choose it flat,

L = 1
2
∂µφ∂µφ− λ

4
φ4.

• The symmetry that remains is the subgroup of diff × Weyl
for which δgB

µν = 0. These are the conformal
transformations!



A simple diff×Weyl-invariant theory

Another option is to downgrade gµν to a non-dynamical field
by hand, taking the value gB

µν . If we choose it flat,

L = 1
2
∂µφ∂µφ− λ

4
φ4.

• The symmetry that remains is the subgroup of diff × Weyl
for which δgB

µν = 0. These are the conformal
transformations!



A simple diff×Weyl-invariant theory

Another option is to downgrade gµν to a non-dynamical field
by hand, taking the value gB

µν . If we choose it flat,

L = 1
2
∂µφ∂µφ− λ

4
φ4.

• The symmetry that remains is the subgroup of diff × Weyl
for which δgB

µν = 0. These are the conformal
transformations!



Redundancy or Honest Symmetry?

• In 2d theories, to achieve a fixed metric, instead of
downgrading the metric to non-dynamical, we can
gauge-fix it.

Conformal symmetry is then a residual gauge symmetry.

• This is not the way we think about conformal
transformations in CFT however. We want them to be
physical symmetries that physical states can be charged
under.

• There is a difference between a gauge-fixed dynamical
metric and a non-dynamical metric. In the former case,
the presence of a quantum Weyl anomaly would break a
gauge redundancy, whereas in the latter case a Weyl
anomaly is fine.



Redundancy or Honest Symmetry?
• In 2d theories, to achieve a fixed metric, instead of
downgrading the metric to non-dynamical, we can
gauge-fix it.

Conformal symmetry is then a residual gauge symmetry.

• This is not the way we think about conformal
transformations in CFT however. We want them to be
physical symmetries that physical states can be charged
under.

• There is a difference between a gauge-fixed dynamical
metric and a non-dynamical metric. In the former case,
the presence of a quantum Weyl anomaly would break a
gauge redundancy, whereas in the latter case a Weyl
anomaly is fine.



Redundancy or Honest Symmetry?
• In 2d theories, to achieve a fixed metric, instead of
downgrading the metric to non-dynamical, we can
gauge-fix it.

Conformal symmetry is then a residual gauge symmetry.

• This is not the way we think about conformal
transformations in CFT however. We want them to be
physical symmetries that physical states can be charged
under.

• There is a difference between a gauge-fixed dynamical
metric and a non-dynamical metric. In the former case,
the presence of a quantum Weyl anomaly would break a
gauge redundancy, whereas in the latter case a Weyl
anomaly is fine.



Redundancy or Honest Symmetry?
• In 2d theories, to achieve a fixed metric, instead of
downgrading the metric to non-dynamical, we can
gauge-fix it.

Conformal symmetry is then a residual gauge symmetry.

• This is not the way we think about conformal
transformations in CFT however. We want them to be
physical symmetries that physical states can be charged
under.

• There is a difference between a gauge-fixed dynamical
metric and a non-dynamical metric. In the former case,
the presence of a quantum Weyl anomaly would break a
gauge redundancy, whereas in the latter case a Weyl
anomaly is fine.



Conformal Transformations

A conformal transformation in the sense of CFT changes the
physical distance between physical objects in the theory.



Conformal Transformations

Conformal transformations, interpreted as the
transformations CFT’s are invariant under, are the set of

δconf = δWeyl + δdiff

such that δgµν = 0.

We expect δgµν = 0 for a dynamical symmetry in CFT
because the metric is not a dynamical field.

The effect on the dynamical fields is

δϕi = £ξϕi − ∆i

(1
d
∂µξ

µ
)
ϕi.
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Non-Trivial Topologies

This discussion was entirely at the local level.

Non-trivial topologies will make the symmetries much richer
and less trivial.



RG in Quantum Field Theory

As usual, RG flow is more interesting in quantum theories
because the physics at one length scale depends on the
physics at all length scales beneath it.

Classical fields ϕi are replaced by local operators Oi. A set
of variations δOi are now arbitrary (local) operators rather
than arbitrary c-numbers.
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RG in Quantum Field Theory

RG transformation = integrate out degrees of freedom +
dilatation.



Dilatations as RG

Under a symmetry of a quantum field theory,

δ ⟨Oi⟩ = ⟨δOi⟩ = ⟨[D, Oi]⟩ .

Generally dilatations will not be a symmetry and instead

δDilatation ⟨Oi⟩ = δWeyl ⟨Oi⟩ = ⟨δWeylOi⟩ +
∫
ddx

⟨
λ(x)T µ

µ (x)Oi

⟩
in which we used that path-integrals are
coordinate-invariant, and the definition of the quantum Tµν

operator
δ ⟨...⟩
δgµν

=
∫
ddx

√
−g
2

⟨T µν(x) ...⟩ .
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Dilatations as RG
Define a Weyl scaling in a quantum theory as

δgµν = 2 λ(x) gµν ,

δOi = −λ(x)
∑

j

∆ j
i Oj

where we have allowed for the possibility that local
operators mix into each other. Our transformation has λ = 1.

Also, expand T µ
µ in terms of a complete basis of local

operators: ∫
ddx T µ

µ =
∑

k

∫
ddx βk(g)Ok

=
∑

k

βk(g) ∂

∂gk
S

for S =
∫
ddx

∑
i g

iOi(x).
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Dilatations as RG

This leaves

δWeyl ⟨Oi⟩ = −
∑

j

∆ j
i ⟨Oj⟩ −

∑
k

βk(g) ∂

∂gk
⟨Oi⟩ .

Thus a dilatation is equivalent to a change in the couplings
plus a mixing of operators. The Weyl transformation has
also moved the cutoff, so finally we have the
Callan-Symanzik equation:[

µ
∂

∂µ
+

∑
k

βk(g) ∂

∂gk

]
⟨Oi⟩ +

∑
j

∆ j
i ⟨Oj⟩ = 0.
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Curved Space RG

What is curved space RG flow?



Anomalies

A classical symmetry may become anomalous in the
quantum theory.

For example, the theory

L = iψ†σ̄µDµψ − 1
4
F µνFµν

has
∂µj

µ = − ie2

24π2F
µνF̃µν

for the gauge current. The associated charge is not
conserved and the symmetry is anomalous.

If Aµ were a non-dynamical background field, this would not
spoil the consistency of the theory.
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Anomalies

However when Aµ is a gauge field, we have a problem. We
know that

∂µJ
µ = δgauge Γ[Aµ]

where Γ is the (one-loop) effective action from integrating
out the fermions.

Thus a physical quantity is no longer gauge invariant if the
current is not conserved. The quantum theory does not
exist.
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Weyl Anomaly

Classically Weyl-invariant theories can have anomalies.
[Capper, Duff, 1974]



Weyl Anomaly

In 2d CFT’s, ⟨
T µ

µ

⟩
= − c

12
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• One easy way to get this is by integrating up

δWeyl
⟨
T µ

µ (x)
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µ (x)λ(y)T ν
ν (y)
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Weyl Anomaly

The trace vanishes in flat space just as the Abelian anomaly
vanished with no background fields.

It still has implications on the flat space theory however.
The TT correlator does not vanish and in particular L−2,
L−3, ... do not annihilate the vacuum.

Hence in 2d

conformal symmetry anomalously broken−−−−−−−−−−→ SL(2,C).
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diff Anomaly

When we upgrade a flat-space theory of matter to a
diff-invariant theory, we can sometimes find T µν is no longer
conserved.

This is a diffeomorphism anomaly. [Alvarez-Gaume, Witten,
1983]

Only in 2, 6, 10, ... dimensions.

In 2d conformal theories a condition for vanishing
diff-anomaly is c = c̃.
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Examples: QCD

QCD with massless quarks:
⟨
T µ

µ

⟩
= β(g)

2g3

⟨
Ga

µνGaµν

⟩
︸ ︷︷ ︸
∼ O(Λ4

QCD)

.

However if RG flow eventually takes β(g) → 0 and
αs → finite, we are in a phase of matter described by an
interacting conformal field theory at long distances.

This indeed happens for SU(3) as Nf is raised above 3, but
it is not known precisely when.
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Examples: Chern-Simons theory

Abelian Chern-Simons theory is

SCS =
∫
d3x ϵµνρAµ∂νAρ.

One can show that this is already diff-invariant!

In differential-geometric form notation,

SCS =
∫
A ∧ dA

does not depend on gµν , and can be defined on manifolds
prior to a metric structure.
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Examples: Chern-Simons theory

Since the action does not depend on the metric,

T µν ∼ δS

δgµν

= 0.

This is one way of seeing that Chern-Simons has no local
degrees of freedom at all.

(However, being a topological theory, it induces degrees of
freedom on the boundary of the manifold it is placed on.)
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Examples: 2+1-dimensional gravity

General relativity in 2+1 dimensions also has 0 local
degrees of freedom. There are no gravitational waves.

In fact, in terms of e and ω (the vielbein and spin
connection),

S2+1-dim GR = SCS,

where the Chern-Simons gauge field has the gauge group
SO(2, 2) and is built out of e and ω.

The infinitesimal symmetries are related by

δdiff ⇐⇒ δgauge.
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Examples: 2+1-dimensional gravity

The connection between the two theories is not entirely
clear: for example, the solution A = 0 in Chern-Simons
would to correspond to e = ω = 0, which makes no sense.

However this has been a fruitful starting point for an attempt
to find a consistent quantum theory of GR.
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Examples: SYK Model

Fermions on N sites:

H = 1
4

N∑
i,j,k,l=1

Jijkl χiχjχkχl

Each χi is a self-adjoint fermionic operator on the ith site,
each Jijkl is a Gaussian random variable, and N ≫ 1.

Remarkably this model is solveable, despite becoming
strongly coupled in the infrared.
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Examples: SYK Model

One finds the 2-pt function of fermions goes like a power
law in the infrared:

Gc(τ) ∝ 1
|τ |1/2 .

This is emergent conformal symmetry. In 1d, just like in 2d,
conformal transformations are locally the same as
diffeomorphisms.

This propagator is invariant only under the SL(2,R)
subgroup of conformal symmetry, so the vacuum of the
theory spontaneously breaks the symmetry to SL(2,R).
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Examples: SYK Model

For more calculations in the model, such as higher-pt
functions, we can get these by using CFT techniques.

For example, the 4-pt function can be written as a sum over
an infinite tower of conformal blocks. SYK is a member of a
new class of conformal theories.

However, one ‘conformal block’ does not transform
conformally, and this block actually dominates at large
times. There is a non-conformal mode propagating in the
IR. SYK flows to a ‘nearly conformal’ theory.
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Examples: SYK Model

These facts support an interesting AdS/CFT interpretation.

A wide variety of quantum field theories, beyond just
supersymmetric ones, admit a dual description in gravity.
Many 1+1 CFT’s are dual to 2+1 gravity.

One might imagine the simplest model of AdS/CFT would
be

0+1 CFT ⇐⇒ 1+1 gravity in AdS.
Degree-of-freedom counting claims 1+1 gravity has -1
propagating degrees of freedom, but this can be regulated
by adding a dilaton.
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Examples: SYK Model

This is not so arbitrary, because one gets 1+1
gravity+dilaton in AdS space from many higher-dimensional
black hole backgrounds after dimensional reduction.

The dynamics of such theories are dominated by the
dilaton, which fluctuate the metric away from AdS to an
SL(2,R)-invariant ‘nearly AdS’.

The action for the dilaton dynamics is the same as for the
mode which breaks conformal symmetry in SYK.

This similarity to the SYK model would be explained if SYK
realises some essential features of gravity.
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Summary

• Diff × Weyl invariance =⇒ conformal invariance, when
the background metric is fixed.

• Dilatations implement renormalization group flow.

• As with all symmetries they can be anomalous =⇒
constraints and phenomenology in the theory.

• Manifest invariance under reparatermizations can be
realised in many interesting ways.
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